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Abstract
We give a proof of the fundamental theorem of algebra with oper-
ator theoretical approach
Introduction:
The fundamental theorem of algebra states every polynomial equation
P (z) = 0 with complex coefficients has at least one complex root.Various
methods have been used for a proof of this historical theorem . Topological
methods,complex variable methods(using Liouville theorem) and algebraic
methods are examples of such arguments. In spite of of its algebraic na-
ture,almost all proofs of this theorem involve topology or analysis. In this
note,we present a proof with an operator theoretical view point,
First we present some preliminaries :
Preliminaries:
A Banach space is a vector space X over the real or complex numbers with
a norm ||.|| such that every Cauchy sequence (with respect to the metric
d(x, y) = ||x − y||) in X has a limit in X.A Hilbert space,is a vector space
H with an inner product < . >,such that H with the norm which induced
by < . > is a Banach space.
Assume X is a Banach space,a continuous linear transformation from X
to X is called a bounded operator.Here the word bounded signifies that any
such operator maps the unit disk of X to a bounded set of X. We denote by
B(X), the linear space of all bounded operators on X.Consider the standard
1
norm on B(X) as follows:for a given S in B(X),define
||S|| = sup|z|=1 |S(z)|.This norm induce a topology on B(X),which is
called,the norm topology.
By an isometry on X we mean a linear operator on X which preserves the
norm of X.
l2 is the Hilbert space of all sequences of complex numbers (ai) with
convergence series
∑
|ai|
2. l2 is equipped with the inner product
∑∞
n=1
anb¯n
which induce the norm,|(an)|2 =
√∑∞
i=1
|ai|2.We say (an) is an eventually
zero sequence if there exist k such that ai = 0 for all i > k
By i − shift operator on l2 ,we mean the operator which sends (ai) to
(0,0,. . . , a1, a2, . . .),namely this operator adds i zeroes at the first terms of
the sequence (an).
Hol(C) is the space of all entire maps from C to C.
Using Taylor expansion, we embed Hol(C) in l2 as a dense linear subspace,
as follows:
Let f be an entire map with Taylor expansion f(z) =
∑
anz
n,then the
sequens (an) is an element of l
2,because convergence of
∑
anz
n for all z with
|z| > 1 implies that the series is absolutely converge for z = 1,then
∑
|an|
converges,and this implies that
∑
|an|
2 converges, too.
Note that this embedding sends a polynomial P (z) = anz
n + an−1z
n−1 +
. . . + a0 to the sequence (a0, a1, . . . , an, 0, 0, . . .),this sequens is eventually
zero.As we prove in the following lemma 1,the space of all sequence which
are eventually zero is a dense linear subspace of l2.So we consider Hol(C) as
a dense linear subspace of l2,since Hol(C) contains all polynomials in one
variable.
Lemma 1: The space of all eventually zero sequences is a dense linear
subspace of l2.
Proof of lemma 1:Assume (an) is an element of l
2,and ε is given,we
give an eventually zero sequence (bn) such that |(an) − (bn)|2 ≤ ε.With
the Cauchy criteria for the series
∑
|an|
2 ,we have an integer k such that∑∞
i=k+1
|ai|
2 < ε2, now put (bn)=(a1, a2, . . . , ak, 0, 0, . . .),then
|(an)− (bn)|2 =
√∑∞
i=k+1
|ai|2 ≤ ε.
2
We assign to a polynomial P (z), a bounded operator on l2 which restric-
tion to Hol(C) is equal to the map of multiplication by P (z),i.e.the map
which sends f to Pf .
To prove this,it suffices to assign a bounded operator on l2 correspond to
monomial zi,since any polynomial is a linear combination of monomials zi.
Assume (an) is the coefficients of Taylor series of an entire map f(z),then
the coefficients of Taylor expansion of zif(z) is (0, 0 . . . , 0, a1, a2, . . .),where
a1 is placed at i+1-th term .So multiplication by z
i as a linear operator on
Hol(C) can be extended to i− shift operator on l2.
Let H be a Hilbert space,and T be a bounded operator onH,which range
is a closed subspace of H,we say T is a Fredholm operator if both kernel
and ko-kernel of T are finite dimensional linear space where co-kernel of T
is the quotient space H/rang(T )
By definition,the Fredholm index of T is dim of kernel of T minus dim of
co-kernel of T .
In the following we state,without proofs, some essential properties of Fred-
holm operators,(for more information about Fredholm operator theory see
[1])or [2]:
The space of all Fredholm operators on H is denoted by Fred(H).
Fred(H) is an open subset of the space of all bounded operators and index is
a continuous map from Fred(H) to integers, Z.Thus if T is a Fredholm op-
erator,there is a neighborhood of T,in B(H),with the norm topology, which
elements are Fredholm operators of the same index as index of T .In fact
Fredholm index is a continuous map which is locally constant.This property
is called,”Invariance of Fredholm index with small perturbation”.
In the next part, we present a complete proof for the Fundamental the-
orem of algebra.
The proof
Assume P (z) = zn + an−1z
n−1 + . . . has no root,then Q(z) = εnP (z/εn)
does not have any root ,too.we have Q(z) = zn+ ǫan−1z
n−1+ ǫ2an−2z
n−2+
. . . + ǫna0
We define a bijective operator on Hol(C) by multiplication by Q(z),since
Q(z)has no root.This operator can be extended to a bounded linear operator
3
on l2,as we explained above.We call this extension,Q,again
Now Q(z) is the perturbation of n−shift operator,that is,Q is sufficiently
close to n− shift operator if ε is sufficiently small. Further it can be easily
proved that n− shift operator satisfies in the following two conditions :
1)The Fredholm index of n− shift operator is −n
2)n − shift operator is an isometry
Since Q is a perturbation of n−shift operator ,it is a Fredholm operator
of index −n,this is because of invariance of fredholm index with small per-
turbation.Further we use the following lemma 2 to prove that Q is a one to
one,Fredholm operator of index −n and satisfies the inequality |Q(z)| > k|z|
for some constant k.
Obviously any Q with such properties can not be a surjective operator
because the kernel of Q has zero dimension,so the codimension of the range
of Q is n.The fact that Q is not surjective contradicts to the following lemma
3,and this would complete the proof of the fundamental theorem of algebra.
Lemma 2 :Let H be a Banach space and T be an isometry on H,then
there is a neighborhood W of T,in the space of bounded operator on H,such
that for every S in W ,we have |S(z) > k|z|,for a constant k depend on S.
Proof of lemma 2:Assume |T − S| ≤ 1/2 ,then the inequality |z| =
|T (z)| ≤ |T (z)− S(z)|+ |S(z)| implies |S(z)| ≥ |z|/2.
Lemma 3 :Let F be a dense subspace of a Banach space E,and T is a
bounded linear operator on E,which maps F onto F,further |Tz)| > k|z| for
some k,then T is a surjective operator onto E.
Proof of lemma 3: If T is not surjective ,then there is an element e of
E which is not in the range of T .Since F is dense ,there is a sequence fn of
elements of F which converge to e and fn = T (bn) for some bn in F .The con-
dition |Tz)| > k|z| implies that the pre-image of a Cauchy sequence under
T is a Cauchy sequence .So bn is a Cauchy sequence, then converges to some
b∗ in E. From continuity of T we have T (b∗) = e,that is e is in the image
of T ,which contradicts to our first assumption.This completes the proof of
lemma 3
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